Abstract. We study the hyperbolicity of compactifications of quotients of bounded symmetric domains by arithmetic groups. We prove that, up to anétale cover, they are Kobayashi hyperbolic modulo the boundary. Applying our techniques to Siegel modular varieties, we improve some former results of Nadel on the non-existence of certain level structures on abelian varieties over complex function fields.
Introduction
Any complex space Y can be equipped with an intrinsic pseudo-distance d Y , the Kobayashi pseudo-distance [7] . It is the largest pseudo-distance such that every holomorphic map f : ∆ → Y from the unit disc, equipped with the Poincaré metric, is distance decreasing.
Recall [7] that a complex space Y is said to be (Kobayashi) hyperbolic modulo W ⊂ Y if for every pair of distinct points p, q of Y we have d Y (p, q) > 0 unless both are contained in W . In the case where W = ∅, Brody's lemma gives a criterion for hyperbolicity: Y is hyperbolic if and only if there is no non-constant entire curves f : C → Y .
In the case where W = ∅, we do not know any Brody's criterion for hyperbolicity modulo W . It is still an open question if Brody hyperbolicity modulo W implies Kobayashi hyperbolicity modulo W . The reason is that the classical Brody's lemma does not give any precision about where the entire curve is.
In this article, we investigate hyperbolic properties of compactifications of quotients of bounded symmetric domains by arithmetic groups. It is well known that such quotients may be far from being hyperbolic, as rational Hilbert modular surfaces show.
We obtain the following result Theorem 1.1. Let X := B/Γ be a smooth quotient of a bounded symmetric domain by an arithmetic subgroup Γ ⊂ Aut(B). Then there exists a finiteétale cover
As a corollary, we obtain a new simple proof of the main result of [9] , where it is proved that X 1 is Brody hyperbolic modulo D 1 : the image f (C) of any nonconstant holomorphic map f : C → X 1 is contained in D 1 .
2010 Mathematics Subject Classification. Primary: 32Q45, 32M15; Secondary: 11G99, 14K15. Partially supported by the ANR project "POSITIVE", ANR-2010-BLAN-0119-01. When Nadel's proof [9] was based on Nevanlinna theory, our proof consists in using the fundamental distance decreasing property of the Kobayashi pseudo metric mentioned above. To prove Theorem 1.1, we will construct pseudo distances on X 1 for which holomorphic maps from the unit disc are distance decreasing.
As an application, we study Siegel modular varieties from this point of view. Their geometry has attracted a lot of attention (see [5] for a survey). In particular, the birational geometry of A g and A g (n), the moduli spaces of principally polarized abelian varieties with level structures, has been extensively investigated. The Kodaira dimension of compactifications A g (n) has been studied by Tai, Freitag, Mumford, Hulek and others proving the following result Therefore it is very natural to study hyperbolicity of these spaces in light of the GreenGriffiths-Lang conjecture In this setting, using the theory of automorphic forms, we can apply the same strategy as above and obtain
As a corollary we have Theorem 1.5. If A is a principally polarized abelian variety of dimension g ≥ 1 which is defined and nonconstant over k, a complex function field of genus ≤ 1, then A does not admit a level-n structure for n > 6g.
This improves the previous bound, quadratic in g, obtained by Nadel in [9] .
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Distance decreasing pseudo distances
Let X := B/Γ be a quotient of a bounded symmetric domain by an arithmetic subgroup Γ ⊂ Aut(B). We first give a criterion to ensure the existence of a pseudo distance g on X non degenerate at a given x ∈ X and satisfying the distance decreasing property: every holomorphic map f : (∆, g P ) → (X, g) from the unit disc, equipped with the Poincaré metric g P , is distance decreasing i.e. f * g ≤ g P .
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By passing to a subgroup of finite index if necessary, we can always suppose that Γ is neat [3] . In particular, X admits a smooth toroidal compactification X where D = X \ X is a normal crossings divisor [1] .
Let g denote the Bergmann metric on B such that Ricci(g) = −g. Let γ > 0 be a rational number such that g has holomorphic sectional curvature ≤ −γ. We want to construct a continuous function ψ : X → R + such that ψ.g defines a pseudo metric on X.
Theorem 2.1. Let x ∈ X and suppose there is a section
Then there exists a pseudo metric g non-degenerate at x satisfying the distance decreasing property. In particular, the Kobayashi pseudo metric is non degenerate at x.
We will prove this theorem in 3 steps. From [8] , we know that the Bergmann metric induces a good singular metric h := (det g)
on K X + D. Let x ∈ X and s given as above. Let 0 < ǫ such that
We define ψ := ||s|| Proof. We know [8] that K X + D is a good extension of K X with the metric h. This implies that near D, which locally is given by {z 1 . . . z k = 0}, we have
Despite the singularities of h, we have
which suffices to obtain the conclusion.
The second step is Proposition 2.3. ψ.g is a continuous pseudo metric on X vanishing on D.
Proof. We know that g has Poincaré growth near D (Lemma 2.1 [9] ) i.e.
where
is the metric obtained by taking the Poincaré metric on the punctured disc. Therefore if we combine this with (2.1), we have
This estimate clearly implies the proposition.
hal-00790243, version 1 -19 Feb 2013
Finally as a third step, we are in position to construct a distance decreasing pseudo distance which finishes the proof of Theorem 2.1.
Proposition 2.4.
There exists a constant β > 0 such that g := β.ψ.g is a distance decreasing pseudo-distance: for any holomorphic map f : ∆ → X from the unit disc equipped with the Poincaré metric g P , we have f
Restricting to a smaller disk, we may assume that u vanishes on the boundary of ∆. Take a point z 0 at which u is maximum. z 0 ∈ ∆ \ f −1 ({ψ = 0}) otherwise u would vanish identically. Therefore at z 0 we have i∂∂ log u(z) z=z 0 ≤ 0.
We have i∂∂ log u(z) = i∂∂ log f
On X, we have
by the Kähler-Einstein property. g has holomorphic sectional curvature ≤ −γ therefore
Combining the above inequalities, we obtain
Finally, we have
Therefore if we take β = ǫ sup ψ , we obtain the distance decreasing property.
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3. Proof of Theorem 1.1
To prove Theorem 1.1 it is now sufficient to show the existence of anétale cover X 1 = B/Γ 1 satisfying the hypothesis of Theorem 2.1 for every x ∈ X 1 .
First we recall the following result 
Now, we have
Proposition 3.2. There exists a covering X 1 of X such that for any
Proof. By [8] , one can find a covering X 1 such that π : X 1 → X is ramified to order at least m along D 1 . Let x ∈ X 1 . From Proposition 3.1, there is a section s 0 ∈ H 0 (X, l(K X + D)) such that s 0 (π(x)) = 0 and s 0 | D ≡ 0. We just have to take
As a consequence, we obtain a proof of Theorem 1.1
Proof. The previous Proposition and Theorem 2.1 imply that for any x ∈ X 1 , there is a pseudo-distance ρ non zero at x such that
This implies that X 1 is Kobayashi hyperbolic modulo D 1 .
Siegel modular varieties
We will apply Theorem 2.1 to the particular case of quotients of the Siegel upper half space by principal congruence subgroups.
Here B = H g , the Siegel upper half space of rank g. The arithmetic group Γ is Sp(2g, Z) and Γ(n) is the kernel of Sp(2g, Z) → Sp(2g, Z/n).
The space A g (n) := H g /Γ(n) is the moduli space of principally polarized abelian varieties with a level-n structure. Recall that if A is an abelian variety of dimension g over a field k of characteristic 0, a level-n structure is a 2g-tuple (x 1 , . . . , x 2g ) of points in A(k) which generate the subgroup of all n-torsion points in A(k).
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It is known that the Bergmann metric on H g has holomorphic sectional curvature ≤ −2 g(g+1)
, we can therefore take γ = 2 g(g + 1)
.
We are going to see that in this situation, we can use the theory of automorphic forms to obtain the section needed to apply Theorem 2.1.
First, recall (see for example [5] ) that the automorphy factor of modular forms on H g defines a line bundle L on the quotient X := H g /Γ(n), the (Q-) line bundle of modular forms of weight 1. If the spaces X = A g (n) are smooth (for example Γ(n) is neat when n ≥ 3), we have
Let F be a modular form with respect to the full modular group Sp(2g, Z). Then following [4] , we define the order o(F ) of F as the quotient of the vanishing order of F at the boundary divided by the weight of F .
Particularly useful for us, is the following result of Weissauer on the existence of cusp forms of small slope which do not vanish at a given point of the Siegel space. which does not vanish at τ.
We obtain as a corollary Proposition 4.2. Let X := A g (n), x ∈ X and suppose n > 6g. Then there is a section
Proof. We consider the natural map
This map is ramified to order at least n over the divisor at infinity [9] . We choose some ǫ > 0 such that ǫ < 2 g
. Now, we take a modular form given by Weissauer's theorem non vanishing at π(x). In terms of line bundles, it gives a section s ∈ H 0 (A g , kL − mD) such that
non vanishing at π(x). We take s := π * ( s). It gives a section in H 0 (X, kL − mnD) non vanishing at x, where we make the slight abuse of denoting the line bundles corresponding to the modular forms and the boundary again by L and D. Therefore, using the equality K X = (g + 1)L − D, we have obtained a section in H 0 (X, l(K X + D)) with l = Theorem 1.5 is a consequence of Theorem 1.4, since a nonconstant principally polarized abelian variety over k, a complex function field of genus ≤ 1, which admits a level-n structure induces a nonconstant holomorphic map C → A g (n) whose image does not lie in D.
